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A very brief history of the spectral shift function

This introduction is based on:

@ BirmanYafaev'92: The spectral shift function. The papers of
M. G. Krein and their further development

@ BirmanPushnitski’98: Spectral shift function, amazing and
multifaceted

@ Yafaev’'92 and '10: Mathematical Scattering Theory

General assumption
‘H Hilbert space, A, B selfadjoint (unbounded) operators in H

B — A finite rank operator. Then exists ¢ : R — R such that
formally
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Krein’s spectral shift function (1953 and 1962)

Assume B — A trace class operator, i.e. B— A€ &4. Then

exists real-valued ¢ € L'(R) such that

tr(B=X)"-(A-N"") = —/R (f_(ti)z at

and [ £(t) dt =tr (B — A).

® tr (2(B) — ¢(A) = Jp ¢ (D) dt for o(t) = (t— A) !
@ Extends to Wiener class W;(R): ¢/'(t) = [ e ™ do(u)

If § = (&, b) and § N oess(A) = 0 then

&(b—) — &(a+) = dimran Eg(d) — dimran Ex(0)

@ Spectral shift function for U, V unitary, V — U € &4
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Krein’s spectral shift function (1953 and 1962)

Assume

(B=XN)""1-(A-XN)"1e&,  AepA)npB). (1)
Then exists ¢ € L] (R) such that [; [£(t)|(1 + t2)~" dt < oo and

loc

tr(B-N)"-(A-N"")= —/R (tf_(ti)z dt.

The function £ is unique up to a real constant.

@ Trace formula for o(t) = (t — X\)~' and ¢(t) = (t — \) ¥
@ Large class of ¢ in trace formula in Peller'85

Birman-Krein formula
Assume (1). The scattering matrix {S(\)} of {A, B} satisfies

detS(\) = e 27N fora.e. AeR




Krein’s spectral shift function: Generalizations

L.S. Koplienko 1971

Assume p(A) N p(B) "R # () and for some m € N:

(B—X)""—(A-)\)""¢c &;. )

Then exists ¢ € L] (R) such that [, [£(t)|(1 + [¢])~(™D dt < oo

tr((B— )" (A—\)"") = /R (t—_AI;?mﬂé(t) dt

D.R. Yafaev 2005

Assume (2) for some m € N odd. Then exists ¢ € L} (R) such
that [ [€(0)](1 + [¢]) (™D dt < oo

—m
tr(B—X)""T"—(A=)\)"" :/ t) dt
(BN (A=) = [ i €
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Representation of the SSF via Weyl function
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Quasi boundary triples

S c S* closed symmetric operator in A with infinite defect

Def. [Bruk76, Kochubei75; DerkachMalamud95; B. Langer07]

{G,To, 1} quasi boundary triple for S if G Hilbert space and
TcT=S8"andly,l1:domT — G such that

(i) (Tf,g) — (f, Tg) = (T1f,Tog) — (Tof.T1g), f,g € dom T
[:= (%) :domT — G x G dense range
A= T | kerly selfadjoint

Example 1: (—A + V on domain Q, 99 of class C?, V € L> real)
Sf = —Af+ VF 1 {f € H3(Q) : floa = 9, f|oq = O}

S*f= —Af+ VF] {fe l2(Q): Af € L2(Q)} ¢ H3(Q), s>0
Tf = —Af+ Vf | H3(Q)

Here (Tf,9) — (f, Tg) = (fla, 9.9lsa) — (9 f|aq; gla)-

Choose G = LQ(GQ), Mof .= a,,f|39, Mf:.= f|ag.

’
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Example 2: Dirac operators with ¢-shell interactions

Y boundary of bdd. C>*-domain Q, c R3,Q_ :=R3\ Q,

_ (—icVfy + mc2Bf, o ;
Sf = (—ich_ + me2gr ). domS = H(Qy) & Hi(Q-)

_ (—icVfy + mc?Bf, . ;
Tf = (—ich_ + st ) domT =H'(@) e H'(Q.)

o —iCVf+ T mCZIBf+ " . . )
S*f = (—ich_ + mc28f. ) dom S* maximal in L

ForfedomT = H'(Q,)® H'(Q_) set

. 1 1
Fof :=ica-v(fyr — fx) and Tif:=g(filx +1-|5) + ;I’of.
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Example 2: Dirac operators with ¢-shell interactions

Proposition
Then T = S* and {L3(%), o, 1} QBT, where

Fof :=lca-v(filz —f-|x) and Tyf:=Z(flz+£[x)+ Erof
for fedom T = H'(Q,) @ H'(Q).

With this choice of I'; and I'1 we have
A=T [ kerlg = —icV +mc?3,  domA=H'(R®),

and

A, =T [ kerTy = —icV + mc?B + nds

A, selfadjoint in L2(R3) for n # {£2¢,0} (Holzmann lecture!)
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~-field and Weyl function

ScTcT=S*1{G 1} quasi boundary triple (QBT).

Definition
Let f\ € ker (T — X), A € C\R. ~-field and Weyl function:

Y(A): G = H, Fofy = f, A€ p(A)
M) : G — G, Mofy — 11y, A€ p(A)

@ () solves boundary value problem in PDE
@ M(A) Dirichlet-to-Neumann (Neumann-to-Dir. map) in PDE

Example 1: —A + V, QBT {L2(99), 8, f|oq, floa}
Here ker (T — \) = {f € H?3(Q) : —Af + Vf = \f} and

() 1 L2(09) D H'2(0Q) — [2(Q), ¢ h,
where (—A + V)fy = A\fy and 9, f\|sq = ¢, and

M()) : L2(09Q) D H'/2(8Q) — L2(09), ¢ = d,filaq — filaa.




Example 2: Dirac operators with ¢-shell interactions

_ (—icVify + mc2Bf, o ’
T = <—ich_ © ezt ) domT=H(@) e H'(Q.)

and QBT {L?(X), T, 1}, where

3 1 1
Fof = ica-v(fi]x — f-|5), Mf= E(fﬂz +f[g)+ Erof,

and ((A—A)"")(x) = [z Gr(x — y)f(y)dy.

~-field and Weyl function defined on ran Iy = H'/?(X) are

V() LA(E) = L2(RP), /z Ga(x — y)e(y)do(y),

MO;LA(E) > L2(5), o > lim [Gax— y)ey)do(y) + 1o

|x—y|>e
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Quasi boundary triples and selfadjoint extensions

Perturbation problems for selfadjoint operators in QBT scheme:

Lemma

Assume A, B selfadjoint and S = An B,

Sf .= Af = Bf, domS = {f e domAndom B : Af = Bf}

densely defined. Then exists T ¢ T = S* and QBT {G, o, 1}
such that

A=T [kerl[o and B=T | kerly

and .
(B=XN)"" = (A= X" = —y(A)MN) (),

where v and M are the ~-field and Weyl function of {G, o, I1}.
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Main abstract result: First order case

A, B selfadjoint, S = AN B densely defined and {G,lo, 1} QBT

A=T kerl[o and B=T |kerl};
Assume
(A—p) ' >(B—-p)~" forsome u e p(A)Np(B)NR
and v(\g) € Sz, M(A\)~", M(\2) bounded for \g, A1, Ao Then:
0 (B=X)T—(A=XN)""= WM Ty(N)* € &4

@ Imlog(M()\)) € &1(G) forall A e C\R and

£(t) = lim 1tr (Imlog(M(t + ic))) forae.teR

e—+0 7T

is a spectral shift function for {A, B}, in particular,

) ) 1
tr((B- A"~ (A-\) 1):—/RU_A)Zg(t)dr.
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Main abstract result: Higher order case

A, B selfadjoint, S = An B densely defined and {G,o,1} QBT
A=T [kerTg and B=T | kerl}

Assume
(A—p) "> (B—pu)~" forsome uc p(A)Np(B)NR
M(X1)~", M()2) bounded for A1, \» and for some k € N:

P da
dApV(A) gl

9 M) L K
W( () 'Y()‘))W'Y()‘)Egh p+q =2k,

M)y (A)) € &1, p+q =2k,

(A)€62k+1, j=1,...,2k + 1.

2y
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Main abstract result: Higher order case

A, B selfadjoint, S = AN B densely defined and {G,lo, 1} QBT

A=T kerl[o and B=T |kerl};
Assume

(A—p)~ ' >(B—p)~" forsome u e p(A)Np(B)NR

M(\1)~", M(\2) bounded for Ay, A2 and &p-conditions. Then:
(B _ )\) (2k+1) _ (A _ A)—(2k+1) € &;
@ Forany ONB (¢;)inGanda.e. t € R

£(t) = Zamol(lm log(M(t + ic)) ;. j)
j

is a spectral shift function for {A, B}, in particular,

_ 2k +1
tr (B—\) (@k+1) _(A—))~ 2k+1) /(t )2k+2§ t) dt

e —
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@ If A, B semibounded then
(A-p)'>(B-p' = A<B
in accordance with £(t) = tr (Imlog(M(t + i0))) > 0
Representation of SSF via M-function:

@ Rank 1, k = 0 [LangerSnooYavrian'01]

@ Rank n < oo, k = 0 [B. MalamudNeidhardt’08]

@ Other representation via modified perturbation determinant
for M for k = 0 [MalamudNeidhardt’15]

Representation of scattering matrix {S(\)}aer of {A, B} for the
trace class case (k = 0):

S(\) = I — 2ir/Im M(x + i0) (M()\ n /'0))_1 \/ImM(x 1 i0)

[AdamyanPavlov’86], [B. MalamudNeidhardt’08 and '15],
[MantilePosilicanoSini’15]
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Dirac operators with electrostatic J-shell
interactions
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A QBT for Dirac operators

¥ boundary of bdd. C*-domain Q. c R3, Q_ :=R3\ Q.

_ (—icVf, + mc?Bf, e ;
Sf = (—ich + mc2f. )’ dom S = Hy(Q24) ® Hy(2-)

—icVf_ + mc?Bf_

_i 2
Tf = < eV R 5f+), dom T = H'(Q4) & H'(Q_)

Then {L2(X),To, 1} QBT, where
. 1 1
lof i=ica-v(fyz —f|z) and Tif:=Z(flz+1|5) + El'of

and A= T | kerly = —icV + mc?p3 free Dirac operator,

A,=B=T|kerly = —icV + mc?B + ndx
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~-field and Weyl function, strength n

() L3(5) > [3(RD), /z Ga(x — y)e(y)do(y).

MO:LA(E) > L2(E), o > fim [Gax— y)ey)do(y) + 1o

|X—y|>e

are continuous and admit closures defined on L?(%). Recall
from [ArrizabalagaMasVega’15] that

sup [|[M(X) —n"|| = Mo < oc.

AE[—mc2,mc?]

Assumptions on n

1
| < o and 7 # {+2c,0}.

In this case gap preserved: o(A,) N (—mc?, mc?) = 0
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Spectral shift function for the pair {A, A, }, n # £2¢

0 (A, — N3 — (A— )3 € &4(L3(R3)) for A € p(Ag) N p(Ay)
@ Forne (0,M, ), any ONB (¢;) in L3(Z) and a.e. t € R

.1 —_
&(t) =3 lim —(Imlog(M(t + i€))%), )
is a spectral shift function for {A, A, }
@ Forne (—M,',0), any ONB (y;) in L3(T) and a.e. t € R
1 E—
— im — _ ) -1)or o;
E-(0) =Y lim —(Imlog(—M(t+ =) ")g;. %))

is a spectral shift function for {A,,, A}
@ The following trace formula holds for A € p(Ag) N p(A;):

tr((A,— N2 —(A-N)3) =7 /R (t—3)\)4 £+(t) dt
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Sketch of the proof

@ ne(0,My")and X € (—mc?, mc?)

—1

(A=A = (A= 2" =) (7" + M) (A

o LA\ =KIN(A— )k Te6 4 (LA(R?), [A(X))

dxF Tt
o L) e &« (L2(%),L2(R?))
o LMD = k'n (A=) y(N) € Sak(L3())
Use G4 /x - 61,y = G4 /(x+y) and conclude
o FvN&(MA)(N)) €61, p+g=2,
o FG(MON) (V) ) fr(N) €61, p+g=2,
o LM\ €&z, j=1,23.

dN
Apply Main Theorem with k = 1.
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