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A nonlinear Dirac equation
We consider the spectral stability of stationary solutions �!(x)e�i!t

to a

nonlinear Dirac equation of the form

i@t = Dm � f ( ⇤� )� ,  (x, t) 2 CN , x 2 Rn, (NLD)

where N is even, f (0) = 0, and Dm is the free Dirac operator:

Dm = �i↵ · r + �m =

nX

|=1

�i↵|@x| + �m m > 0.

The N ⇥ N Dirac matrices are hermitian and satisfy 1  |, k  n

(↵|
)

2

= �2

= IN , ↵|↵k
+ ↵k↵|

= 2�|k IN , ↵|� + �↵|
= 0.

Its spectrum is purely absolutely continuous and given by

R \ (�m,m).

We consider values of ! in open interval of (�m,m).
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The linearization

We consider the solution to the nonlinear Dirac equation in the form

 (x, t) = (�!(x) + ⇢(x, t))e�i!t ,

where �! satisfies the stationary equation

!�! = Dm�! � f (�⇤
!��!)��!,

so that ⇢(x, t) 2 CN
is a “small” perturbation of �!(x)e�i!t

. The

linearization at a solitary wave (the linearized equation on ⇢) is given by

@t⇢ = JL(!)⇢,

where J = 1/i ,

L(!) = Dm � ! � f (�⇤
!��!)� � 2<(�⇤

!� · )f 0
(�⇤

!��!)��!,
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Definition
A solitary wave is spectrally stable if the spectrum of the corresponding

linearization does not contain any point � with positive real part there is not

any Jordan block of order larger than 4 at � = 0 and not any non trivial

Jordan bloc at � 2 iR \ 0.

x

x

x

x

x

•

•

•

no 4 ⇥ 4 Jordan block

no 2 ⇥ 2 Jordan block
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Definition
A solitary wave is spectrally stable if the spectrum of the corresponding

linearization does not contain any point � with positive real part there is not

any Jordan block of order larger than 4 at � = 0 and not any non trivial

Jordan bloc at � 2 iR \ 0.

⌅
The essential spectrum of JL(!) is purely imaginary and its thresholds

are ±(m � |!|)i (Weyl’s theorem).

⌅
There are embedded thresholds ±(m + |!|)i.

For the spectral stability, only the point spectrum and even the discrete

spectrum are relevant.

Notice that

Span {J�!, @x|�!} ⇢ ker JL(!),

Span {J�!, @!�!, @x|�!, ↵|�! � 2!x|J�!} ⇢ Ng (JL(!)).
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The nonlinear Schrödinger equation

For the ground state solution �!(x)e�i!t
of the a nonlinear Schrödinger

equation

i@t = �� � | |2k ,  (x, t) 2 C, x 2 Rn, (NLS)

where k > 0, the linearization is given by

@t⇢ = jl(!)⇢,

where

jl(!) :=

✓
0 l�(!)

�l
+

(!) 0

◆

where j ⇠ 1/i,

l
+

(!) = l�(!)�2k<(�!
⇤ · )|�!|2(k�1)�! l�(!) = ���!�|�!|2k

This no longer true for nonlinear Dirac equations.
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The nonlinear Schrödinger equation

For the ground state solution �!(x)e�i!t
of the a nonlinear Schrödinger

equation

i@t = �� � | |2k ,  (x, t) 2 C, x 2 Rn, (NLS)

where k > 0, the linearization is given by

@t⇢ = jl(!)⇢,

where

jl(!) :=

✓
0 l�(!)

�l
+

(!) 0

◆

For some c > 0, we have

l�(!)�! = 0 l�(!) > cI�?
!
, c > 0.

This no longer true for nonlinear Dirac equations.
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The nonlinear Schrödinger equation

For the ground state solution �!(x)e�i!t
of the a nonlinear Schrödinger

equation

i@t = �� � | |2k ,  (x, t) 2 C, x 2 Rn, (NLS)

where k > 0, the linearization is given by

@t⇢ = jl(!)⇢,

where

jl(!) :=

✓
0 l�(!)

�l
+

(!) 0

◆

jl(!)⇢ = �⇢ ) l
+

(!)l�(!)⇢
2

= ��2⇢
2

)
q
l�(!)l

+

(!)
q
l�(!)R = ��2R

for R =

p
l�(!)⇢

2

where ⇢
2

is the second component of ⇢.

This no longer true for nonlinear Dirac equations.
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The nonlinear Schrödinger equation

For the ground state solution �!(x)e�i!t
of the a nonlinear Schrödinger

equation

i@t = �� � | |2k ,  (x, t) 2 C, x 2 Rn, (NLS)

where k > 0, the linearization is given by

@t⇢ = jl(!)⇢,

where

jl(!) :=

✓
0 l�(!)

�l
+

(!) 0

◆

So

�(jl(!)) ⇢ R [ iR.

This no longer true for nonlinear Dirac equations.
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The possible “scenari”

Birth of real eigenvalues out of collisions of eigenvalues

rr-� rr
rr
-�

-�
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The possible “scenari”

Possible bifurcations from the essential spectrum

rr

rr

�✓@I

@R� 
i(m+|!|)

i(m�|!|)

r

r

r

r�✓@I

@R� 
mi

rr

rr

�✓@I

@R� 

!=0
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The possible “scenari”

Bifurcations from � = 0 and hypothetical bifurcations from � = ±2mi in
the nonrelativistic limit, !.m.

2mi

rr -�

2mi

rr

rr

�✓@I

@R� 
r
?

r6
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Hypothesis

f 2 C(R) and there exist k > 0, and c > 0 such that

|f (s) � |s|k | = o(|s|k), s 2 R.

If n � 3 then k < 2/(n � 2).

Consider the matrix � in the form:

� = ±

IN/2 0

0 �IN/2

�

the matrices (↵j
)

1jn are of the form

↵j
=


0 �j
�j 0

�
, 1  j  n,

where the (�j )
1jn are hermitian and satisfies

�j�k + �k�j = 2�jk , 1  j , k  n.
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We consider the existence of solitary waves of Soler or Wakano type

�!(x)e�i!t
with

�! =


v(r)n

1

u(r) (er · �) n
1

�

if & = 1.

The profiles v and u are real and

n
1

=

0

BBB@

1

0

.

.

.

0

1

CCCA
2 CN/2, er =

x
r
2 Rn, � = (�|)

1|n.

From (NLD), we deduce

⇢
@ru +

n�1

r u + (m � !)v = f (v2 � u2

)v ,
@rv + (m + !)u = f (v2 � u2

)u, r > 0.
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Theorem

There exist !
0

and, for ! 2 (!
0

,m), a solution of the form:

v(r ,!) = ✏
1

k

h
ˆV (✏r) + ˜V (✏r , ✏)

i
, u(r ,!) = ✏1+

1

k

h
ˆU(✏r) + ˜U(✏r , ✏)

i
,

where ✏ and ! verify ✏ =
p

m2 � !2

,

ˆV (t) = uk(|t|) is even, positive,

exponentially decreasing and C 2

with

�
1

2m
ˆV = �

1

2m

⇣
@2

t +

n � 1

t
@t

⌘
ˆV � ˆV 2k+1,

and

ˆU(t) = � ˆV 0
(t)/(2m).

There exists ⌧ > 0 such that

˜V and

˜U verify

ke⌧hri
˜VkH1 + ke⌧hri

˜UkH1 = O(1).
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The equation for the couple (

˜V , ˜U) is given by:

(
(@t +

n�1

t )

˜U +

1

m+!
˜V = (1 + 2k)| ˆV |2k ˜V � G

1

(✏, ˜V , ˜U),

@t ˜V + (m + !) ˜U = G
2

(✏, ˜V , ˜U),

for t 2 R, ✏ > 0, where

G
1

(✏, ˜V , ˜U) = �✏�2f
�
✏2/k

(V 2 � ✏2U2

)

�
V +

ˆV 2k
ˆV + (1 + 2k) ˆV 2k

˜V

+

⇣
1

m+!
� 1

2m

⌘
ˆV ,

G
2

(✏, ˜V , ˜U) = f
�
✏2/k

(V 2 � ✏2U2

)

�
U + (m � !) ˆU,

and ! =

p
m2 � ✏2.
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Let

G(✏, ˜W ) =


G

1

(✏, ˜V , ˜U)

G
2

(✏, ˜V , ˜U)

�
, ˜W =


˜V
˜U

�
,

and

A(✏) =


� 1

m+!
+ (1 + 2k)| ˆV |2k �@t � n�1

t
@t m + !

�
, ! =

p
m2 � ✏2, ✏ � 0,

with domain

D(A(✏)) = H1

e,o(R, |t|n�1dt; C2

),

where

H1

e,o(R, |t|n�1dt; C2

) := H1

even

(R, |t|n�1dt;C)⇥H1

odd

(R, |t|n�1dt; C),

similarly for L2

e,o(R, |t|n�1dt;C2

), and

A(✏) : H1

e,o(R, |t|n�1dt; C2

) ! L2

e,o(R, |t|n�1dt; C2

).

The system takes the form

A(✏) ˜W (t, ✏) = G(✏, ˜W (t, ✏)), ✏ > 0.
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We have

⌅ �
ess

�
A(✏)

�
=

⇣
� 1,� 1

m+!

i
[

h
m + !,+1

⌘
, ✏ 2 [0,m].

⌅
kerA(0)|

H1

e,o (R,|t|n�1dt; C2)
= {0}.


⇠
⌘

�
2 kerA(0)

=) ⌘(t) = �
1

2m
⇠0(t) for t 2 R

=) ⇠(|x|) 2 ker l
+

for x 2 Rn,

The restriction of l
+

to spherically symmetric functions has zero kernel

) � = 0 62 �(A(0)|
L2e,o

)

A(0)

�1

is bounded from L2

e,o(R, |t|n�1dt; C2

) to H1

e,o(R, |t|n�1dt; C2

).
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The solitary waves we are looking for are fixed points of the mapping

µ�(✏, ·) : L2

e,o(R, |t|n�1dt; C2

) \ L1
(R; C2

) ! H1

e,o(R, htin�1dt; C2

),

Z 7! e�2k�htiA�(✏)�1e(1+2k)�htiG(✏, e��htiZ)

with

A�(✏) := e(1+2k)�hti � A(✏) � e�(1+2k)�hti
= A(✏) � (1 + 2k)�

t
hti

.

There is a
0

> 0 such that for ⇤k := supx2Rn | ˆV (x)| + m supx2Rn | ˆU(x)|

µ�

⇣
✏, B⇢(Xe,o)

⌘
⇢ B⇢(X 1

e,o), ⇢ = a
0

max

⇣
H(✏2/k

4⇤

2

k), ✏
2k , ✏2

⌘

with H such that is monotonically increasing with H(0) = 0 and

|f (⌧ ) � |⌧ |k |  |⌧ |kH(⌧ ).

We conclude with Schauder fixed point theorem.
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Lemma

If f 2 C(R) and if V , U 2 C(R), with V even and U odd, then

⌅ V , U 2 C 1

(R)
⌅ U(t)/t, t 6= 0 could be extended to a continuous function on R.
⌅

if there is C < 1 such that

|V (t)| + |U(t)|  C , 8t 2 R,

then there is C 0 < 1 such that

|@tV (t)| + |@tU(t)|  C 0, 8t 2 R.
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Back to the linearization
The linearized equation (in ⇢) is given by

i@t⇢ = L(!)⇢,

with

L(!) = Dm � ! � f (�⇤
!��!)� � 2f 0

(�⇤
!��!)��!<(�⇤

!� · ).

This term is singular where

�⇤
!��!

vanishes if f (s) = |s|k for k 2 (0, 1).
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Back to the linearization
The linearized equation (in ⇢) is given by

i@t⇢ = L(!)⇢,

with

L(!) = Dm � ! � f (�⇤
!��!)� � 2f 0

(�⇤
!��!)��!<(�⇤

!� · ).

Proposition

There exist ✏
1

2 (0, ✏
0

) such that if ✏ 2 (0, ✏
1

) then

✏|U(t, ✏)| < V (t, ✏)/2, t 2 R, ✏ 2 (0, ✏
1

);

�⇤
!(x)��!(x) = |V (|x|)|2 � |U(|x|)|2 �

1

2

(|V (|x|)|2 + |U(|x|)|2).

U =

ˆU +

˜U V =

ˆV +

˜V .
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Back to the linearization
The linearized equation (in ⇢) is given by

i@t⇢ = L(!)⇢,

with

L(!) = Dm � ! � f (�⇤
!��!)� � 2f 0

(�⇤
!��!)��!<(�⇤

!� · ).

U = 2V/m

U = V/(4m)K0

�

�� �

�

��

�⌫ V

U

⌅
⌅ -

6

K+

�,⌫

K�
�,⌫

q
q qq
q

qq
q

q q
q
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Hypothesis

f 2 C(R) and there exist k, K 2 R, K > k > 0, and c > 0 such that

|f (s) � |s|k |  c|s|K , s 2 R.

If n � 3 then k < 2/(n � 2).

We have the improved estimates

ke⌧hri
˜VkH1 + ke⌧hri

˜UkH1 = O(✏2{),

where { = min

⇣
1, K

k � 1

⌘
> 0.
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Hypothesis

f 2 C 1

(R \ {0}) \ C(R) and that there are k > 0 and K > k such that

|f (⌧ ) � |⌧ |k | = O(|⌧ |K ), |⌧ |  1;

|⌧ f 0
(⌧ ) � k|⌧ |k | = O(|⌧ |K ), |⌧ |  1.

Theorem

There is ✏
2

small enough so that for ! =

p
m2 � ✏2, ✏ 2 (0, ✏

2

), the

functions �!(x), ˜V (t, ✏), and ˜U(t, ✏) are unique.

Moreover, the map ! 7! �! 2 H1

(Rn,CN
), is C 1

and

ke�hti@✏


˜V (t, ✏)
˜U(t, ✏)

�
kH1

(R,R2

)

= O(✏2{�1

), ✏ 2 (0, ✏
0

),

and there is b > 0 such that

k@!�!k2

L2

(Rn,CN
)

= b✏�n+ 2

k
(1 + O(✏2{)).

Nabile Boussäıd Nonrelativistic asymptotics of solitary waves in the Dirac equation 17/18

17/
18



Additionally, assume that either k < 2/n, or k = 2/n and K > 4/n.
Then there is !

1

< m such that @!Q(!) < 0 for all ! 2 (!
1

,m).

If instead k > 2/n, then there is !
1

< m such that @!Q(!) > 0 for all

! 2 (!
1

,m).
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